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Abstract N -body problems are notoriously expensive to compute. For N5

bodies, evaluating a sum directly scales like O(N2). A treecode approximation6

to the N -body problem is highly desirable because for a given level of accu-7

racy, the computation scales instead like O(N logN). A main component of8

the treecode approximation, is computing the Taylor coefficients and moments9

of a cluster–particle approximation. For the two-parameter family of regular-10

ized kernels previously introduced (Ong et al, 2017), computing the Taylor11

coefficients directly is algebraically messy and undesirable. This work derives12

two useful recurrence relationships for computing the Taylor coefficients. The13

treecode is implemented in Cartesian coordinates, and numerical results ver-14

ify that the recurrence relationships facilitate computation of Gε,n(x) and its15

derivatives.16
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1 Introduction20

The N -body dynamical system,21

ẍj = −wj
N∑
m=1

wm∇G(xj − xm), (1)

models many physical phenomena, such as vortex motion [8,12], planetary22

movement [1] and plasma kinetics [7]. In R3, the function G(x) is the familiar23

fundamental solution to the Laplace operator,24

G(x) =


1

4π‖x‖2
, x 6= 0

0 otherwise
(2)

Recently, a two-parameter family of regularized kernels was introduced [10]25

to better control the error in the Hamiltonian. Instead of solving eq. (1), one26

solves the approximate equations27

ẍj = −wj
N∑
m=1

wm∇Gε,n(xj − xm), (3)

where the regularized kernels,28

Gε,n(x) =
1

4π

n∑
`=0

(
− 1

2

`

)(
−ε2

)` (‖x‖22 + ε2
)−1/2−`

, (4)

are derived by truncating a Taylor expansions of the non-regularized kernel,29

G(x), about (‖x|22 + ε2). We seek to construct an adaptive treecode algo-30

rithm/software package that uses the two-parameter family of regularized ker-31

nels in place of the algebraic regularized kernels [9,3]. The adaptive treecode32

algorithm will provide the ability to control the Hamiltonian error and the33

modeling error when using these regularized kernels.34

Although treecode algorithms have been demonstrated to be computation-35

ally efficient for high-resolution simulations [11], one needs to evaluate deriva-36

tives of the kernels, eqs. (2) and (4), in the treecode algorithm. Evaluating37

derivatives of the kernel, eq. (4) is algebraically messy; for n = 0, a recurrence38

relation can be used to compute the derivatives without complicated algebra39

[9]. An this work, we develop recurrence relations for computing derivatives of40

eq. (4) for any n.41

The manuscript proceeds as follows. In section 2, we review the treecode42

algorithm, discussing the recurrence relations in section 3. Section 4 presents43

numerical experiments demonstrating that our recurrence relations indeed fa-44

cilitate computation of Gε,n(x) and its derivatives.45
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2 Fast Summation Treecode Algorithms46

The N -body systems, eqs. (1) and (3), are computationally expensive to simu-47

late. To compute the force on each particle (body), the contributions from the48

other N − 1 particles results in an O(N) cost. Since there are N particles and49

the force on each particle is required, the computational cost for the simulation50

balloons to the O(N2). There are several approaches to approximate the force51

on each particle. A common approach is the Particle-In-Cell (PIC) method [2],52

where the particles are mapped to a uniform grid, the potential is evaluated us-53

ing the mapped particles, and the gradient of the potential is evaluated at each54

particle location. Unfortunately, the resolution of the simulation is restricted55

to the resolution of the underlying uniform grid. An alternative class of meth-56

ods are so-called fast summation methods, which approximate the long-range57

interactions using clusters of particles and their moments. Perhaps most popu-58

lar is the fast-multipole method [5], which uses high-order spherical harmonics59

expansions and a sophisticated evaluation procedure. This cluster–cluster ap-60

proximation comes with a high computational cost for moving particles. An61

alternative fast-summation method is the Boundary Integral Treecode (BIT)62

algorithm. Treecode algorithms have been very successful in particle simula-63

tions, and there is ongoing interest to optimize their performance [6].64

2.1 Cluster Approximation65

We begin by considering a non-overlapping partition of particles into clusters,66

Cr. Then eq. (3) can be expressed as67

ẍj = −wj
N∑
m=1

wm∇Gε,n(xj − xm) = −wj
∑
Cr

∇φ(xj , Cr),

where68

φ(y, Cr) =
∑

xi∈Cr

wiG
ε,n(y − xi). (5)

The function φ(y, Cr) can be interpreted as the potential at the point y due69

to particles in cluster Cr. Performing a Taylor expansion of the regularized70

Green’s function about the cluster center xcr gives71

.

φ(y, Cr) ≈
∑

xi∈Cr

p∑
‖k‖1=0

1

k!
∂kxG

ε,n(y − xcr)
(
wi(xi − xcr)

k
)

=

p∑
‖k‖1=0

1

k!
∂kxG

ε,n(y − xcr)
∑

xi∈Cr

wi(xi − xcr)
k

=

p∑
‖k‖1=0

ak(y − xcr)M
k(Cr),

(6)
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where p is the order of Taylor approximation, the term72

ak(x) =
1

k!
∂kxG

ε,n(x), (7)

is the kth Taylor coefficient of the Green’s function, and73

Mk(Cr) =
∑

xi∈Cr

wi(xi − xcr)
k,

is the kth moment of cluster Cr. We have utilized multi-index notation in74

eq. (6). For k = (k1, k2, k3) with ki ≥ 0, k! = k1! k2! k3!, ∂kx = ∂k1x1
∂k2x2

∂k3x3
, and75

xk = xk11 xk22 xk33 .76

2.2 Recurrsive Evaluation Strategy77

Similar to the treecode algorithm described in [9], a tree is first constructed by78

adaptively shrinking cells at each step in the construction using a binary tree.79

The potential (or force) at a point y is then evaluated using a recursive divide-80

and-conquer strategy [4]. Specifically, one checks if φ(y, Cr) can be evaluated81

using a cluster (Taylor) approximation, eq. (6). In our code and simulations,82

the multipole acceptance criterion (MAC) is used, i.e., the Taylor expansion83

is used only if r
R ≤ θ, where r is the radius of the cluster, R is the distance84

between the y and the cluster, and θ is a user-specified parameter. If the cluster85

approximation cannot be used, then the potential is computed by (recursively)86

taking a linear combination of potentials from children clusters if they exist,87

or resorting to direct summation, eq. (5) if no children nodes exist.88

3 Taylor Coefficients89

Evaluating derivatives of the regularized kernel, eq. (4), is algebraically messy.90

A recurrence relation was previously found [9] to facilitate computation of the91

derivatives of Gε,0(x) without complicated algebra. In section 3.1, we review92

the main results for the previously found recurrence relations before discussing93

and proving our new recurrence relations in section 3.2.94

3.1 Previous Work95

In [9] the authors consider the regularized potential,96

φ(x) =
1

4π

1

(|x|22 + ε2)
1/2

,
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which is indeed Gε,0(x). A pth-order Taylor approximation of φ(x) at x = x̄97

can be expressed as98

φ(x) ≈
p∑

‖k‖=0

Tk(x̄)(x− x̄)k,

where99

Tk(x̄) =
1

k!
∂kxφ(x̄)

is the kth Taylor coefficient. A key result in the paper is the derivation of the100

recurrence relation,101

‖k‖1
(
‖x‖22 + ε2

)
Tk(x) + (2‖k‖1 − 1)

3∑
i=1

xi T
k−ei(x) + · · ·

(‖k‖1 − 1)

3∑
i=1

Tk−2ei(x) = 0,

(8)

where e1, e2 and e3 are the standard Cartesian basis vectors. We refer the102

reader to [13] for a derivation and proof of eq. (8).103

3.2 New Recurrence Relations104

We seek a recurrence relation to compute the Taylor coefficients, eq. (7). To105

simplify the algebra, we adopt the following notation for the regularized ker-106

nels, eq. (4). We let107

Gε,n(x) =

n∑
`=0

Gε`(x), (9)

where108

Gε`(x) =
1

4π

(
− 1

2

`

)(
−ε2

)` (‖x‖22 + ε2
)−1/2−`

. (10)

Further, we denote109

ak` (x) =
1

k!
∂kx G

ε
`(x). (11)

Proposition 1 Let f(y1, y2, y3) : R3 → R. Then for any integer m > 0,110

∂myi ((y1 + y2 + y3) f) = m∂m−1yi f + (y1 + y2 + y3) ∂myif (12)
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Proof We shall prove proposition 1 by induction. Let m = 1. Applying the111

product rule,112

∂y1 ((y1 + y2 + y3) f) = f + (y1 + y2 + y3) ∂yif,

which satisfies eq. (12). Suppose that eq. (12) is true for any m. Then, taking113

the derivative of both sides of eq. (12) with respect to yi gives114

∂yi
(
∂myi ((y1 + y2 + y3) f)

)
= ∂yi

(
m∂m−1yi f + (y1 + y2 + y3) ∂myif

)
∂m+1
yi ((y1 + y2 + y3) f) = m∂myif + ∂myif + (y1 + y2 + y3) ∂m+1

yi f

= (m+ 1) ∂myif + (y1 + y2 + y3) ∂m+1
yi f,

which completes the proof. ut

Lemma 1 For ` ≥ 0, the Taylor coefficients, ak` (x), satisfy115

ε2

(2`+ 2)

3∑
i=1

(ki + 1) ak+ei

` (x) +

3∑
i=1

(
ak−ei

`+1 (x) + xi a
k
`+1(x)

)
= 0,

where a−1,k2,k3`+1 = ak1,−1,k3`+1 = ak1,k2,−1`+1 := 0.116

Proof Define the coefficient,117

q(`) :=
1

4π

(
− 1

2

`

)(
−ε2

)`
,

so that eq. (10) satisfies118

Gε`(x) = q(`)
(
‖x‖22 + ε2

)−1/2−`
. (13)

Taking the derivative of eq. (13) with respect to xi gives119

∂xi
Gε`(x) = xi (−1− 2`) q(`)

(
‖x‖22 + ε2

)−3/2−`
= xi (−1− 2`)

q(`)

q(`+ 1)
Gε`+1(x).

Hence,120

(∂x1G
ε
`(x) + ∂x2G

ε
`(x) + ∂x3G

ε
`(x)) = (x1 + x2 + x3) (−1− 2`)

q(`)

q(`+ 1)
Gε`+1(x).

Applying ∂k1x1
and invoking proposition 1,121

∂k1x1
(∂x1

Gε`(x) + ∂x2
Gε`(x) + ∂x3

Gε`(x))

= ∂k1+1
x1

Gε`(x) + ∂k1+1,1
x1,x2

Gε`(x) + ∂k1,0,1x1,x3
Gε`(x)

= k1(−1− 2`)
q(`)

q(`+ 1)
∂k1−1x1

Gε`+1(x) + (x1 + x2 + x3) (−1− 2`)
q(`)

q(`+ 1)
∂k1x1

Gε`+1(x).
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In the same fashion, applying ∂k2x2
and invoking proposition 1,122

∂k2x2

(
∂k1+1
x1

Gε`(x) + ∂x2
Gε`(x) + ∂x3

Gε`(x)
)

= ∂k1+1,k2
x1,x2

Gε`(x) + ∂k1,k2+1
x1,x2

Gε`(x) + ∂k1,k2,1x1,x2,x3
Gε`(x)

= (−1− 2`)
q(`)

q(`+ 1)

(
k1∂

k1−1,k2
x1,x2

Gε`+1(x) + k2∂
k1,k2−1
x1,x2

Gε`+1(x) + · · ·

(x1 + x2 + x3) ∂k1,k2x1,x2
Gε`+1(x)

)
.

Finally, applying ∂k3x3
to both sides of the above equation and invoking propo-123

sition 1,124

∂k+e1
x Gε`(x) + ∂k+e2

x Gε`(x) + ∂k+e2
x Gε`(x)

= (−2`− 1)
q(`)

q(`+ 1)

(
k1∂

k−e1
x Gε`+1(x) + k2∂

k−e2
x Gε`+1(x) + k3∂

k−e3
x Gε`+1(x) + · · ·

(x1 + x2 + x3)∂kxG
ε
`+1(x)

)
.

Since125

q(l + 1)

q(l)
=
ε2(2l + 1)

2l + 2
,

we can write this more compactly as126

3∑
i=1

∂k+ei
x Gε`(x) =

2`+ 2

(−ε2)

3∑
i=1

(
ki∂

k−ei
x Gε`+1(x) + xi∂

k
xG

ε
`+1(x)

)
. (14)

Dividing both sides of eq. (14) by k1! k2! k3! and using the definition in eq. (11)
recovers the desired result after some algebraic manipulation. ut

Lemma 1 gives a recurrence relation that connects terms involving ` and127

(` + 1). We also require a generalized result of eq. (8). We first prove some128

useful lemmas before stating and proving a generalized recurrence relationship.129

Proposition 2 For any positive integer k, the function Gε`(x) satisfies the130

following relationship,131

(‖x‖22 + ε2) ∂kxi
Gε`(x) + (2k + 2`− 1)xi∂

k−1
xi

Gε`(x) + · · ·
(k − 1)(k + 2`− 1) ∂k−2xi

Gε`(x) = 0,
(15)

where ∂−1xi
Gε`(x) := 0.132

Proof We shall establish eq. (15) by induction. Applying the operator ∂xi to133

eq. (13), establishes eq. (15) for k = 1,134

(‖x‖22 + ε2)∂xi
Gε`(x) + (2`+ 1)xiG

ε
`(x) = 0. (16)
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Applying the operator ∂xi to eq. (16) establishes eq. (15) for k = 2.135

(‖x‖22 + ε2)∂2xi
Gε`(x) + (2`+ 3)xi∂xi

Gε`(x) + (2`+ 1)Gε`(x) = 0.

Suppose that eq. (15) holds for all k ≤ n. Since136

(‖x‖22 + ε2) ∂nxi
Gε`(x) + (2n+ 2`− 1)xi∂

n−1
xi

Gε`(x) + · · ·
(n− 1)(k + 2`− 1) ∂n−2xi

Gε`(x) = 0,
(17)

applying ∂xi to eq. (17) gives137

(‖x‖22 + ε2)∂n+1
xi

Gε`(x) + 2xi∂
n
xi
Gε`(x) + (2n+ 2`− 1)∂n−1xi

Gε`(x) + · · ·
(2n+ 2`− 1)xi∂

n
xi
Gε`(x) + (n− 1)(n+ 2`− 1)∂n−1xi

Gε`(x) = 0.

Collecting terms and simplifying,138

(‖x‖22 + ε2)∂n+1
xi

Gε`(x) + (2(n+ 1) + 2`− 1)xi∂
n
xi
Gε`(x) + · · ·

(n)(n+ 2`)∂n−1xi
Gε`(x) = 0.

This is exactly eq. (15) with n = k + 1, establishing proposition 2. ut

Proposition 3 For any positive integers k1 and k2, the function Gε`(x) sat-139

isfies140

(‖x‖22 + ε2)∂k1x1
∂k2x2

Gε`(x) + 2k2x2∂
k1
x1
∂k2−1x2

Gε`(x) + · · ·
k2(k2 − 1)∂k1x1

∂k2−2x2
Gε`(x) + (2k1 + 2`− 1)x1∂

k1−1
x1

∂k2x2
Gε`(x) + · · ·

(k1 − 1)(k1 + 2`− 1)∂k1x1
∂k2−2x2

Gε`(x) = 0,

(18)

where ∂−1x1
∂k2x2

Gε`(x) = ∂k1x1
∂−1x2

Gε`(x) := 0.141

Proof Invoke Proposition 2 with i = 1 and k = k1 > 0. Applying the operator142

∂x2
,143

(‖x‖22 + ε2)∂k1x1
∂x2G

ε
`(x) + 2x2∂

k1
x1
Gε`(x) + · · ·

(2k1 + 2`− 1)x1∂
k1−1
x1

∂x2G
ε
`(x) + (k1 − 1)(k1 + 2`− 1)∂k1−2x1

∂x2
Gε`(x) = 0,

which shows that eq. (18) is true for k1 > 0 and k2 = 1. To prove by induction,144

suppose that eq. (18) is true for k1 > 0 and 0 < k2 ≤ n. Then,145

(‖x‖22 + ε2)∂k1x1
∂nx2

Gε`(x) + 2nx2 ∂
k1
x1
∂n−1x2

Gε`(x) + · · ·
n(n− 1)∂k1x1

∂n−2x2
Gε`(x) + (2k1 + 2`− 1)x1∂

k1−1
x1

∂nx2
Gε`(x) + · · ·

(k1 − 1)(k1 + 2`− 1)∂k1x1
∂n−2x2

Gε`(x) = 0.

(19)

Applying the operator ∂x2
operator to eq. (19),146

(‖x‖22 + ε2)∂k1x1
∂n+1
x2

Gε`(x) + 2x2∂
k1
x1
∂nx2

Gε`(x) + 2nx2∂
k1
x1
∂nx2

Gε`(x) + · · ·
2n∂k1x1

∂n−1x2
Gε`(x) + n(n− 1)∂k1x1

∂n−1x2
Gε`(x) + · · ·

(2k1 + 2`− 1)x1∂
k1−1
x1

∂n+1
x2

Gε`(x) + (k1 − 1)(k1 + 2`− 1)∂k1x1
∂n−1x2

Gε`(x) = 0.
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Collecting terms and simplifying,147

(‖x‖22 + ε2)∂k1x1
∂n+1
x2

Gε`(x) + 2(n+ 1)x2∂
k1
x1
∂nx2

Gε`(x) + · · ·
(n+ 1)(n)∂k1x1

∂n−1x2
Gε`(x) + (2k1 + 2`− 1)x1∂

k1−1
x1

∂n+1
x2

Gε`(x)+

(k1 − 1)(k1 + 2`− 1)∂k1x1
∂n−1x2

Gε`(x) = 0.

This is exactly eq. (18) with n = k2 + 1, establishing proposition 3 for all
positive k1 and k2. ut

Proposition 4 For any positive integers k1, k2 and k3, the function Gε`(x)148

satisfies149

(‖x‖22 + ε2)∂kxG
ε
`(x) + 2k3x3∂

k−e3
x Gε`(x) + k3(k3 − 1)∂k−2e3

x Gε`(x) + · · ·
2k2x2∂

k−e2
x Gε`(x) + k2(k2 − 1)∂k−2e2

x Gε`(x) + (2k1 + 2`− 1)x1∂
k−e1
x Gε` + · · ·

(k1 − 1)(k1 + 2`− 1)∂k−2e1
x Gε`(x) = 0,

(20)

where ei are the Cartesian basis vectors, and150

∂−1x1
∂k2x2

∂k3x3
Gε`(x) = ∂k1x1

∂−1x2
∂k3x3

Gε`(x) = ∂k1x1
∂k2x2

∂−1x3
Gε`(x) := 0.

Proof Applying ∂x3
to eq. (18),151

(‖x‖22 + ε2)∂k1x1
∂k2x2

∂x3
Gε`(x) + 2x3∂

k1
x1
∂k2x2

Gε`(x) + 2k2x2∂
k1
x1
∂k2x2

∂x3
Gε`(x) + · · ·

k2(k2 − 1)∂k1x1
∂k2−2x2

∂x3
Gε`(x) + (2k1 + 2`− 1)x1∂

k1−1
x1

∂k2x2
∂x3

Gε`(x) + · · ·
(k1 − 1)(k1 + 2`− 1)∂k1x1

∂k2−2x2
∂x3

Gε`(x) = 0

which establishes eq. (20) for k1 > 0, k2 > 0, and k3 = 1. To proceed by152

induction, suppose that eq. (20) is true for k1 > 0, k2 > 0 and 0 < k3 ≤ n.153

Then,154

(‖x‖22 + ε2)∂k1x1
∂k2x2

∂nx3
Gε`(x) + 2nx3∂

k1
x1
∂k2x2

∂n−1x3
Gε`(x) + · · ·

n(n− 1)∂k1x1
∂k2x2

∂n−2x3
Gε`(x) + 2k2x2∂

k1
x1
∂k2−1x2

∂nx3
Gε`(x) + · · ·

k2(k2 − 1)∂k1x1
∂k2−2x2

∂nx3
Gε`(x) + (2k1 + 2`− 1)x1∂

k1−1
x1

∂k2x2
∂nx3

Gε` + · · ·
(k1 − 1)(k1 + 2`− 1)∂k1−2x1

∂k2x2
∂nx3

Gε`(x) = 0.

Applying the operator ∂x3
gives155

(‖x‖22 + ε2)∂k1x1
∂k2x2

∂n+1
x3

Gε`(x) + 2x3 ∂
k1
x1
∂k2x2

∂nx3
Gε`(x) + · · ·

2n∂k1x1
∂k2x2

∂n−1x3
Gε`(x) + 2nx3∂

k1
x1
∂k2x2

∂nx3
Gε`(x) + n(n− 1)∂k1x1

∂k2x2
∂n−1x3

Gε`(x) + · · ·
2k2x2∂

k1
x1
∂k2−1x2

∂n+1
x3

Gε`(x) + k2(k2 − 1)∂k1x1
∂k2−2x2

∂n+1
x3

Gε`(x) + · · ·
(2k1 + 2`− 1)x1∂

k1−1
x1

∂k2x2
∂n+1
x3

Gε`(x) + · · ·
(k1 − 1)(k1 + 2`− 1)∂k1−2x1

∂k2x2
∂n+1
x3

Gε`(x) = 0.

Collecting terms and simplifying gives eq. (20) with n = k3 + 1, establishing
proposition 4 for all positive k1, k2 and k3. ut
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Lemma 2 For ` ≥ 0, the Taylor coefficients, ak` satisfy156

(
‖x‖22 + ε2

) 3∑
i=1

ki a
k
` (x) + (2 (‖k|1) + 2`− 1)

3∑
i=1

xia
k−ei

` (x) + · · ·

(‖k‖1 + 2`− 1)

3∑
i=1

ak−2ei

` (x) = 0,

(21)

where157

a−1,k2,k3` (x) = ak1,−1,k3` (x) = ak1,k2,−1` (x) := 0.

158

Proof Dividing eq. (20) by k! = k1!k2!k3! and using the definition in eq. (11),159

(‖x‖22 + ε2)ak` (x) + 2

3∑
i=1

xia
k−ei

` (x) +

3∑
i=1

ak−2ei

` (x) + · · ·

2`− 1

k1

(
x1a

k−e1

` (x) + ak−2e1

` (x)
)

= 0.

More generally, the following result can be obtained by permuting the order in160

which the differential operators, {∂k1x1
, ∂k2x2

, ∂k3x3
}, are applied in Propositions 3161

and 4,162

(‖x‖22 + ε2)ak` (x) + 2

3∑
i=1

xia
k−ei

` (x) +

3∑
i=1

ak−2ei

` (x) + · · ·

2`− 1

kj

(
xja

k−ej

` (x) + a
k−2ej

` (x)
)

= 0, j = 1, 2, 3.

(22)

Summing up eq. (22) for j = 1, 2, 3 and collecting terms recovers eq. (21) after
some algebraic manipulation, establishing Lemma 2. ut

If ` = 0, eq. (21) simplifies to eq. (8).163

3.3 Computing the Taylor Coefficients164

At first glance, it might appear that computing the Taylor coefficients, eq. (11),165

using Lemmas 1 and 2 will require solving systems of equations. In fact, by166

carefully ordering the computation of the Taylor coefficients, each Taylor co-167

efficient can be explicitly computed.168

Suppose that we require a p-th order Taylor expansion of Gε,n(x) in eq. (6),169

i.e., we are interested in ak` (x) for ` = 0, . . . , n and ‖k‖1 = k1+k2+k3 ≤ p. Al-170

gorithm 1 provides one approach for computing the desired Taylor coefficients.171

Line 8 in Algorithm 1 can be computed using a parallel for-loop since the data172

{ak−ej

` (x), a
k−2ej

` (x), j = 1, 2, 3} has already been computed and is available.173

If further parallelism and memory optimization is desired, one can simulta-174

neously computed multiple `’s in a pipeline-parallel fashion. A dependency175

flow-chart is given in fig. 1.176
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Algorithm 1: Pseudocode for using Lemmas 1 and 2 to compute
Taylor coefficients.

1 Specify a
(0,0,0)
0 (x);

2 Initialize ak(x) = 0;
3 for ` = 0, . . . , p do
4 if ` > 0 then

5 Use Lemma 1 to compute a
(0,0,0)
` (x);

6 end
7 for c = 1, . . . , p do
8 for all ‖k‖1 = c do
9 Use Lemma 2 to compute ak` (x);

10 end

11 end

12 ak(x)← ak(x) + ak` (x);

13 end

Specify
` = 0
‖k‖1 = 0

Compute
` = 0
‖k‖1 = 1

Compute
` = 0
‖k‖1 = 2

Compute
` = 0
‖k‖1 = 3

Compute
` = 0
‖k‖1 = 4

Compute
` = 1
‖k‖1 = 0

Compute
` = 1
‖k‖1 = 1

Compute
` = 1
‖k‖1 = 2

Compute
` = 2
‖k‖1 = 0

· · ·

· · ·

· · ·

Fig. 1 Taylor coefficients can be computed in a pipeline parallel fashion – purple tasks in
each column can be simultaneously computed once dependencies (arrows) are satisfied.

4 Numerical experiments177

In the first numerical experiment, we use the recurrence relations, lemma 1,178

to compute gradients of the regularized kernels, eq. (4). We place a unit179

mass at the origin, (0, 0, 0). The true force asserted by the unit mass at180

x = (0.1, 0.1, 0.1) is given by the gradient of the unregularized kernel, eq. (2).181

The convergence of the force due to the regularized system is shown in fig. 2.182

Specifically, we compute ‖∇G(x)−∇Gε,n(x)‖2 for various n and ε using the re-183

currence relations in Lemma 1. In Figure 2. we observe convergence as n→∞184

and as ε→ 0.185

In the second numerical experiment, we validate the recurrence relations,186

Lemmas 1 and 2, for computing higher-order derivatives of the regularized187

kernels, eq. (4). We initialize a cluster of ten unit masses whose locations are188

sampled from the unit normal distribution, X10×3 ∼ N(0, 1). The force due to189
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0 5 10 15 20
10−17

10−13

10−9

10−5

10−1

n: Order of Kernel Expansion

‖∇
G

(x
)
−
∇
G
ε
,n

(x
)‖

2

ε2 = 5× 10−2

ε2 = 1× 10−2

ε2 = 5× 10−3

ε2 = 1× 10−3

Fig. 2 Convergence of the gradient of the regularized kernels, ∇Gε,n, to the gradient of the
unregularized kernels for various n and ε. The recurrence relation in Lemma 1 are used to
compute the values. Convergence to machine precision is observed as n→∞ and as ε→ 0.

these ten particles can be computed using a direct summation,
∑10
i=1∇G(x−190

xi). We are interested in approximating the force exerted by these particles191

at x = (5, 5, 5), where a cluster is appropriate. The pth-order cluster approx-192

imation using the regularized kernel Gε,n(x) is given by eq. (6). Using the193

recurrence relations, Lemmas 1 and 2, we compute the error as a function194

of p: the order of the cluster (Taylor) approximation, for various regularized195

kernels Gε,m(x). In Figure 3, ε2 = 10−2; in Figure 4, ε2 = 5× 10−4. For each196

(ε, n) pairing, the error stagnates as the order of the cluster approximation is197

improved. The value at which the error stagnates decreases as n is increased198

or as εisdecreased. Both Figures 3 and 4 indicate that the recurrence relations199

correctly give the desired cluster approximations. Comparing the two figures200

leads to the observation that for fixed n, the value at which the error stagnates201

is smaller when ε is reduced.202

Lastly, we perform some timing runs that illustrate the benefits of treecode203

approximations and the potential computational overhead in using regularized204

kernels. The research-grade C++ code used to generate these timing studies is205

available at http://github.org/ongbw/bit. We initialize N particles, sam-206

pled uniformly in [0, 1]3, and compute the force exerted on each particle using207

direct summation and the treecode approximation. For the treecode approx-208

imation, a MAC criterion of θ = 0.5 was used; we constrain the tree to have209

no more than 105 leaves/children, and each leaf is not sub-divided if there are210

fewer than 100 particles. As fig. 5 illustrates, the direct sum computation takes211

O(N2) operations, which is significantly more expensive than the treecode ap-212

proximation for a large number of particles. The plots also show the increased213

computational cost when the higher-order regularized kernels are used within214

the treecode.215

http://github.org/ongbw/bit
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p: order of the cluster (Taylor) approximation
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Fig. 3 Error versus p:. Error: difference between the direct-sum, unregularized kernels, and
the cluster-approximation, regularized kernels. p: the order of the cluster (Taylor) approxi-
mation. For each regularized kernel, G0.1,n(x) used in the cluster approximation, the error
stagnates as p increases. The value at which the error stagnates decreases as n is increased.
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p: order of the cluster (Taylor) approximation
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n = 1

n = 2

n = 3

n = 4

Fig. 4 Error versus p:. Error: difference between the direct-sum, unregularized kernels, and
the cluster-approximation, regularized kernels. p: the order of the cluster (Taylor) approx-

imation. For each regularized kernel, G
√
0.0005,n(x) used in the cluster approximation, the

error stagnates as p increases. The value at which the error stagnates decreases as n is
increased.
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Fig. 5 Timing study for a direct-sum computation and the treecode algorithm with various
regularized kernels.

Conclusions216

The main contribution of this work is the derivation of two useful recurrence217

relationships for computing the Taylor coefficients of high-order regularized218

kernels within a treecode approximation; these high-order regularized kernels219

have previously been shown to be useful for controlling modeling error in220

N -body simulation. The research-grade treecode software, available at http:221

//github.com/ongbw/bit, implements the recurrence relations to compute222

the cluster approximations. The expected convergence behavior is observed,223

as well as the desired speedup that a treecode approximation provides. The224

software can be significantly improved by computing the Taylor coefficients in225

a pipeline parallel fashion, as this minimizes storage overhead in addition to226

accelerating the treecode computation. Additionally, one could use the error227

estimates previously derived in [10] to generate an adaptive-order treecode228

algorithm, where additional moments are used as greater fidelity is desired. A229

future research direction that the authors are pursuing, is the development of230

high-order regularized kernels for the non-oscillatory Helmholtz equation.231
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